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ABSTRACT
We review recent work (hep-th/0404114) on non-BPS domain walls in 5d SUSY
theory. An exact solution of non-BPS multi-walls is found in supersymmetric
massive T ⋆(CP1) model in five dimensions. The non-BPS multi-wall solution
is found to have no tachyon. The N = 1 supersymmetry preserved on the four-
dimensional world volume of one wall is broken by the coexistence of the other
wall. The supersymmetry breaking is exponentially suppressed as the distance
between the walls increases.
Brane-world scenario with extra dimensions have attracted much attention in recent
years. It has also been useful to implement supersymmetry (SUSY) to obtain solitons
such as walls where particles should be localized. SUSY has been most useful to obtain
realistic unified theories, but one of their least understood problems is the origin of the
SUSY breaking. It has been found that the coexistence of 1/2 BPS walls can break
SUSY completely, leading to a possible origin of the SUSY breaking[1]. On the other
hand, the stability of such non-BPS configurations are no longer guaranteed by SUSY.
If we introduce topological quantum numbers, we can have a stable non-BPS walls in
four-dimensional theories [2,3]. However, models in five dimensions are needed to obtain
realistic models for brane-world. The BPS wall solutions of hypermultiplets have been
obtained for the simplest of such nonlinear sigma models, a massive T ⋆(CP1) SUSY and
SUGRA model[4,5,6]. However, no non-BPS multi-wall solutions have been obtained so
far. The purpose of our paper is to present non-BPS multi-wall solutions in a SUSY
theory in five dimensions and to discuss their stability.
In order to construct stable domain walls, the models should have discrete SUSY
vacua. In five dimensional SUSY theory, this can be achieved either by a SUSY gauge
theories interacting with hypermultiplets, or by nonlinear sigma models of hypermulti-
plets. As a gauge theory, one can take a SUSY U(Nc) gauged theory with Nf > Nc flavors
of hypermultiplets in the fundamental representation. If the hypermultiplet masses are
nondegenerate and the U(1) factor group of U(Nc) has the Fayet-Iliopoulos (FI) terms,
the model exhibits discrete SUSY vacua.
For simplicity we will consider the SUSY U(1) gauge theory with Nf (≥ 2) hypermul-
tiplets. The scalar potential is given by
V =
e2
2
3∑
a=1

−2ξδa3 +
Nf∑
A=1
H∗Ai(σ
a)ijH
j
A


2
+
Nf∑
A=1
(Σ + µA)
2H∗AiH
i
A, (1)
aTalk given by M.E. at 12th International Conference on Supersymmetry and Unification of Funda-
mental Interactions June 17-23, 2004, Epochal Tsukuba, Tsukuba, Japan
where µA( 6= µB) is the mass of the A-th hypermultiplet. The SU(2)R triplet FI parameters
are chosen to lie in the third direction and is denoted as ξ. The A-the vacuum is given by
Σ = −µA, H2B = 0, |H1B|2 = 2ξδAB (B = 1, 2, · · · , Nf ). The minimal model admitting such
a BPS domain wall is the case of Nf = 2, which will be considered from now on. Even
with this simple model, it is generally difficult to obtain exact wall solutions for the case of
finite gauge coupling [7], [8]. It is sufficient to examine the case of infinite gauge coupling
to study domain walls because the vacuum configuration does not depend on the gauge
coupling. As we let gauge coupling to infinity e→∞, the kinetic term of vector multiplet
in the Lagrangian vanishes. At the same time, the scalar potential becomes infinitely
steep and the hypermultiplets are constrained to be at the minimum. The gauge field AM
and the adjoint scalar field Σ in the vector multiplet become Lagrange multiplier fields.
Then the model reduces to the T ⋆(CP1) non-linear sigma model. The sigma model can
be expressed by a inhomogeneous coordinates (R,Ω,Θ,Φ) [9,10,11]. The bosonic part of
the Lagrangian reads
L∞ = 1
2
√
R2 + ξ2
[
− ∂MR∂MR− (R2 + ξ2)∂MΘ∂MΘ−
(
R2 + ξ2 sin2Θ
)
∂MΦ∂
MΦ
−R2∂MΩ∂MΩ− 2R2 cosΘ∂MΦ∂MΩ− µ2
(
R2 + ξ2 sin2Θ
) ]
. (2)
Since a common mass of hypermultiplets can be absorbed by a shift of vector multiplet
scalar Σ, we set µ1 = −µ2 = µ2 here. This model admits two SUSY vacua at R =
0, Θ = 0, π which correspond to the north and south pole of the base manifold CP1
respectively. We exactly solve the field equation and find non-BPS domain wall solutions
which interpolate these vacua:
Θ(y; y0, k) = am ((µ/k)(y − y0), k) + π/2, Φ = const., R = Ω = 0. (3)
Besides y0 representing the position of the wall, this solution has one more parameter k
and it has periodicityb 2πL = 4kK(k)/µ. In the case of k > 1 the solution curve never
reaches either vacuum at north and south poles, and oscillates in an interval between
them. In the case of k = 1 the solution corresponds to the BPS or anti-BPS solution
which interpolates north pole and south pole once. In the case of k < 1 the solution
passes through both vacua and becomes quasi-periodic. Similarly to the sine-Gordon
case, this solution represents the BPS wall and the anti-BPS wall placed at y0 and at
y0 + πL, respectively. In the following we will concentrate on this quasi-periodic solution
(k < 1) only.
To examine the stability of the exact non-BPS domain wall solution (3) in the mas-
sive T ⋆(CP1) nonlinear sigma model in five dimensions, we first study small fluctua-
tions around our background solution: Θ(xm, y) = Θ0(y) + θ(x
m, y),Φ(xm, y) = Φ0 +
ϕ(xm, y), R(xm, y) = r(xm, y),Ω(xm, y) = ω(xm, y). The part of the Lagrangian quadratic
in the fluctuations is decomposed into a sum for each fields
L(2)boson =
∫
dy
[
ξ/2
{
−∂Mθ∂Mθ − µ2 cos 2Θ0θ2 − sin2Θ0∂Mϕ∂Mϕ
}
b
K is the complete elliptic integral of the first kind.
+
{
−∂M r∂Mr −
(
µ2 +Θ′0
2/2− µ2 sin2Θ0
)
r2
}
/2ξ
]
. (4)
Let us note that fluctuation of Ω disappears from the quadratic Lagrangian completely.
For the fluctuations r, θ and ϕ˜ ≡ sin Θ0ϕ, we can define Shro¨dinger-type equations for
mode functions ψ
(n)
X with mass squared m
2
X,n of effective fields on world volume as eigen-
values (X = r, θ, ϕ˜):
[
−∂2/∂y2 + VX(y)
]
ψ
(n)
X (y) = m
2
X,nψ
(n)
X , (5)
where the Schro¨dinger potentials are given by
Vr(y) = µ2 +Θ′02/2− (µ2/2) sin2Θ0 = µ2(1 + k2)/2k2, (6)
Vθ(y) = µ2 cos 2Θ0 = µ2
{
2sn2 ((µ/k)(y − y0), k)− 1
}
, (7)
Vϕ(y) = Θ′′0 tanΘ0 − (Θ′0)2 = µ2
{
2sn2 ((µ/k)(y − y0), k)− 1/k2
}
. (8)
If the tachyonic mode which has negative eigenvalue of the mode equation exists, it is
indication that our non-BPS background configuration is unstable against small pertur-
bations. Clearly, there are no tachyonic mode in spectra of the fluctuations r since corre-
sponding Schro¨dinger potential is positive constant. We exactly solve the mode equation
of θ for the first several lightest modes:
m2θ,0 = 0, ψ
(0)
θ = N
(0)
θ dn ((µ/k)(y − y0), k) , (9)
m2θ,1 = µ
2(1− k2)/k2, ψ(1)θ = N (1)θ cn ((µ/k)(y − y0), k) , (10)
m2θ,2 = µ
2/k2, ψ
(2)
θ = N
(2)
θ sn ((µ/k)(y − y0), k) . (11)
We can also exactly solve the mode equation for ϕ˜ because the Schro¨dinger potential Vϕ˜
is identical to that for θ except a constant shift: Vθ − Vϕ˜ = µ2(1− k2)/k2. Therefore the
same eigenfunctions as θ solve the eigenvalue problem for ϕ and the corresponding mass
squared are shifted accordingly. In contrast to the case of θ, the solution at first sight
appears to indicate instability of the background solution, contrary to our expectations.
However, the tachyonic mode ψ
(−1)
ϕ˜ is not normalizable and unphysical. Thus we conclude
that there is no tachyonic modes in the spectra around our non-BPS background solution.
Our non-BPS solution is very similar to the non-BPS stable solution which was found
in the four dimensional sine-Gordon model[1]. However, our model has trivial first homo-
topy π1(CP
1) = 0, so there is no reason which supports the stability of our background
configuration unlike the sine-Gordon model[1]. To verify instability under large deforma-
tions, we also examine a continuous deformation which makes the wall path shrinking to
a point on S2, in the spirit of variational approach. For simplicity, we consider a path on
S2 which cuts off our non-BPS solution at Θ, turns around a circle of Φ rotating by π
with the constant Θ, and going to back through our non-BPS solution reflected at Θ = π
Θ1(u; u⋆) =


am(u, k) + π
2
,
Θ⋆ ≡ am(u⋆, k) + π2 ,
3π
2
− am(u, k)
Φ1(u; u⋆) =


0 −K < u ≤ u⋆,
π
2
u−K
K−u⋆
+ π
2
u⋆ < u ≤ 2K − u⋆,
π 2K − u⋆ < u ≤ 3K,
(12)
where we have defined a variable u ≡ µ
k
(y − y0) and u⋆ denotes the position in extra
dimension corresponding to the value Θ = Θ⋆. The energy of the above trial function is
given by (ℓ ≡ K − u⋆)
E(ℓ) = µξ
k
[
E(K− ℓ)−E(−K) + (k2 − 1)(2K − ℓ) +
(
π2
4ℓ
+ k2ℓ
)
cn2(K− ℓ, k)
]
. (13)
We observe that the energy of the path of the continuous deformation has a local minimum
at our non-BPS solution, in accordance with our result of no tachyon under small fluctu-
ations. It then shows a maximum before reaching to the absolute minimum at the true
vacuum. We regard this result as an evidence for the instability under large fluctuations.
Let us close by mentioning spontaneously SUSY breaking by the co-existing BPS and
anti-BPS walls. From the brane world viewpoint, it is interesting to study how SUSY
breaking effects are generated on a wall by the existence of the other walls. Once SUSY
is broken by the vacuum expectation values of auxiliary fields of some supermultiplets
in the hidden brane, SUSY breaking effects are mediated to the visible brane by bulk
fields interacting with both branes. Then, soft SUSY breaking terms of MSSM fields
on the visible brane are generated. In this framework, various fields have to be added
on the hidden brane and/or in the bulk by hand to break SUSY and to transmit the
SUSY breaking effects to our world. On the other hand, we have no need to add extra
fields mentioned above since the non-BPS configuration itself breaks SUSY and the fields
forming the non-BPS wall are responsible for SUSY breaking and its transmission to
our world. The mass splitting ∆m2 ≡ m2boson − m2fermion is simply given by ∆m2 =
m2θ,1 =
1−k2
k2
µ2. This mass splitting can be related to the distance between the walls.
In the limit k → 1, we obtain ∆m2 = µ2 e−πµL
1−e−πµL
≃ µ2e−πµL. The mass splitting is
exponentially suppressed as a function of the distance πL between walls. This result is
also phenomenologically fascinating in that the low SUSY breaking scale can be naturally
generated from the five-dimensional Planck scale µ ∼ O(M5) without an extreme fine-
tuning of parameters.
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